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, moduli of stable sheaves on a ruled surface 

^ ■ 1. Introduction 

O ^ Let X be a smooth projective surface defined over C and H an ample divisor on X. Let Mh{t:, Ci, C2) 
T— I ■ be the moduli space of stable sheaves of rank r whose Chern classes (ci, C2) G H'^{X, Q) x H^{X, Q) 
^ ' and M//(r;ci,C2) the Gieseker-Maruyama compactification of Mji^ (r; ci, C2). When r = 2, these 
j> ! spaces are extensively studied by many authors. When r > 3, Drezet and Le-Potier [D1],[D-L] 
00 ] investigated the structure of moduli spaces on P^, and Rudakov [R] treated moduli spaces on x P^. 
^ ■ In this paper, we shall consider moduli spaces of rank r > 3 on a ruled surface which is not rational. 
0\ • In particular, we shall compute the Picard group of Mnir; Ci, C2). Let vr : X — > C be the fibration, 
^ / a fibre of vr and Cq a minimal section of vr with (Cg) = — e. We assume that e > 2g — 2, where g is 
] the genus of C. Then Kx is effective, and hence {Kx, H) < for any ample divisor H. In particular, 
Mnir; Ci, C2) is smooth with the expected dimension 2r^A — r^(l — g) + 1. 

In section 2, we shall generalize the chamber structure of Qin [Q2]. As an application, we shall 
o3 '• consider the difference of Betti numbers of moduli spaces on a ruled surface. Although we cannot 
^ generalize the method in [Y2, 0] directly, by using Qin's method we can generalize it to any rank case. 
bJO' In [Y2], we computed the number of /i-semi-stable sheaves of rank 2 on a ruled surface defind over 
d • ¥q. So, in principle, we can compute the Betti numbers of M//(3;ci,C2) on P^. Combining chamber 
>- ! structure with another method, Gottsche [Go] also considered the difference of Hodge numbers (and 
[ hence Betti numbers) of moduli spaces of rank 2. Matsuki and Wentworth [M-W] also generalized 
■ the chamber structure of polarizations. Combining another chamber structure, they showed that the 
rational map between two moduli spaces is factorized to a sequence of flips. In sections 4 and 5, 
we assume that X is a ruled surface which is not rational. Then, in the same way as in [Ql], we 
can give a condition for the existence of stable sheaves. Since we had computed the Picard group 
Pic{MH{r; Ci, C2)) in case of (ci, /) = [Y3], we assume that < (ci, /) < r. In section 5, we shall 
compute the Picard group of M/^(r; Ci, C2), which is a generalization of [Ql] to r > 3. The proof is 
the same as that in [D-N]. As is well known, it is difficult to treat the moduli spaces on rational ruled 
surfaces (cf. [D-L], [R]). However we can also check that M//(r; ci, C2) is emply or not in principle. 
I would like to thank Professor S. Mori for valuable suggestions. 

2. CHAMBER STRUCTURE 

2.1. Notation 

Let X be a smooth projective surface defined over C. Let NS{X) be the Neron-Severi group of 
X and Num{X) = XS'(X)/torsion. Let C(X) C Num{X) ®i R be the ample cone. We denote 
the moduli space of stable sheaves of rank r with Chern classes (ci,C2) G if^(X, Q) x if^(X, Q) 
by Mffi^r; Ci, C2) and the Gieseker-Maruyama compactification of Muir] ci, C2) by M^ir; ci, C2). We 
denote the open subscheme of Mnir; ci, C2) consisting of /i-stable sheaves by Mnir; ci, €2)^ and the 
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open subscheme consisting of yU-stable vector bundles by Mj|/(r; ci, 02)0- For a torsion free sheaf E 
on X, we set = ^ G H'{X,Q) and AiE) = ^^{c^iE) - ^-m^c,{Ef) G H\XM- For 

a X G i/^(X, Q), we set P{x) = {x,x — Kx)/^ + For a scheme S", we denote the projection 

X X S S hj ps. 

2.2. In this section, we shall generalize the chamber structure of polarizations in [Q2]. For a 
torsion free sheaf E, we set 7(E) := (rk(E), A(E)) G H%X,Q) x //^(x^q) x H^{X,Q). For 
7 G n?=o H'^^{X, Q), let be the set of torsion free sheaves E defined over C with 7(-E) = 7 which 
is /i-semi-stable with respect to H. 

Lemma 2.1. Let E be a torsion free sheaf which is defined by an extension —>■ Fi ^ E —>■ F2 0. 
Then A{E) = ^A(Fi) + '-^A{F,) - ((^(Fi) - ^F,))'^ 



Lemma 2.2. Let B be a subset of C{X). Let Tb{i) be the set of filtrations F : G Fi G F2 G 
■■■ G Fs^i G Fs = E which satisfies (1) 7(E) = 7, (2) Ai = A{Fi/Fi^i) > and (3) there is 
an element H G B with — fi{Fi),H) = for 2 < i < s. If B is compact, then 6*^(7) = 

{(7(^1), ■ ■ ■ ,'~f{Fs))\Fi is the i-th filter of F G J-'b{i)} is a finite set. 

Proof. We denote gTi{F) := Fi/Fi^i by Ei. By using Lemma |2TT| successively, we see that 
(2.1) A(^) ^ 1 1(| A(B.) - ± - ,iF.)n 

By the Hodge index theorem, we get - fi{Fi)Y) > and - ^{Fi)Y) = if and 

only if — /i(-Fi) = 0. By [F-M, II, Lemma 1.4], the set of ci(Fj) is finite. Hence Aj is finite. 

Therefore Sb{i) is a finite set. □ 

Remark 2.1. For a filtration F : C -Fi C -F2 C ■ ■ ■ C Fs-i G Fs = E which belongs to J-'sil), 
F' : G Fi G Fs belongs to Tb{i) for 1 < i < s - 1. In fact (2.1) implies that A{Fi) > and 
A(F,/F,) > 0. 

Definition 2.1. For an element F : C Fi C F2 C ■ • ■ C Fs-i G Fs = E of J^c{x){l), we 
define a wall := Ui{H e - fi{Fi),H) = 0}, where i runs for 1 < i < s - 1 with 

IJ,{Fs) — ^i{Fi) 7^ 0. By the above lemma, [JpW^ is locally finite. We shall call the connected 
component of C{X) \ [JpW^ by chamber. 

Lemma 2.3. Let H and H' be ample divisors which belong to a chamber C. Let E be a ^-semi-stable 
sheaf with respect to H. Then E be also ^-semi-stable with respect to H' , and hence we may denote 
Ml by Ml 



Proof. Assume that E is not /i-semi-stable with respect to H'. We shall construct a wall which 
separates H' from H. There is a filtration F of E such that (/i(Fj_i) — fi{Fi),H') > 0, 2 < i < s 
and A(gri(F)) > 0, 1 < i < s. In fact, let F : C Fi C F2 C ■ ■ • C F,_i C F, = F be the Harder- 
Narasimhan filtration of F with respect to H'. Then, the Bogomolov-Gieseker inequality implies 
that A(Fi/Fi_i) > 0. Let Ht = H' + t{H-H'), < t < 1 be a line segment joining H and H'. There 
is a ti G Q such that {fi{Ei) — /i(Fj+i), Ht) > for t < ti and {fi{Ej) — /i(Fj_|_i), HtJ = for some 
J. Let {Fl, F^, . . . , F;(,^)} be a subset of {F,, F2, . . . , FJ such that (rk(i^'), (^', ^tj) G Q x Q, 1 < 

i < ■5(^1) are vertices of the convex hull of {(rk(Fj), (Fj, Ht^))}i^l\ By using Lemma P?T|, we see that 



A(F//F/_]^) > 0. Assume that s{ti) 7^ s. Applying this argument successively, we obtain a filtration 
F" : C Ff G F!l G ■■■ G Fll = E such that A{Fl'/Fl'_i) > and - Ht') = for 

some t' with < t' < 1, moreover /i(F/') — ^{Fl'_^{) 7^ 0. This implies that Ht' belongs to a wall, 
which is a contradiction. □ 
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Definition 2.2. Let W he a wall and C a chamber such that C intersects W. Let H he an ample 
divisor belonging to C CiW and Hi an ample divisor which belongs to C. V^q he the set of /x-semi- 
stable sheaves with respect to H such that E is not /i-semi-stable with respect to Hi and 7(-E) = 7. 

We shall investigate the set V^^- We set Ht = Hi + t{H - Hi), and B = {Ht\0 < t < 1}. For 
an element E of Vqjj, Sb^'j) is a finite set. Hence S = 5*^(7) U U UiSB{'y{g^i{E))) is a finite 

set. Then there is a number t' such that for all t with t' < t < 1, F is the Harder-Narasimhan 
filtration of E with resrect to Ht if and only if F is that with respect to Ht'. In fact, let he a 
wall defined by a {^{Gi), ■ ■ ■ ,'~^{Gs)) G 5* and I = {Ht\t' < t < 1} an interval which is contained in 
B \ UgW^. Let F : C Fi C F2 C ■ ■ ■ C F^-i C Eg = E he the Harder-Narasimhan filtration of E 
with respect to Hf. In the same way as in the proof of Lemma |2.3|, there is a subset {F[, F2, . . . , F!,,} 



of {Fi, F2, . . . , FJ such that F' : C F^' C F^ C ■ ■ • C F;, = F belongs to J^i{-f). By the choice of t', 
we get - /i(i^Vi)' ^) = 0- Moreover since Si{j{Fl/ Fl_^)) is a subset of S, {F[, F^, . . . , F^,} 

must be {Fi, F2, . . . , F^}. Thus F belongs to J-'b{i)- If grj(F) is not /x-semi-stable with respect to 
some Hf with t' < t < 1, then t' and t are separated by a wall (Lemma 2.3), which is a contradiction. 
Thus F is the Harder-Narasimhan filtration of E for all iff, t' <t < 1. Therefore we get the following 
proposition. 

Proposition 2.4. Let C be a 2-dimensional vector space such that C (IC ^ ^ and H E C . 

(1) There is an element Hi E C and V^c ^■^ ^/ torsion free sheaves E such that E has the 
Harder-Narasimhan filtration F with respect to Hi which is also Harder-Narasimhan filtration with 
respect to Ht, < t < 1, and F belongs to J-'{h}{i)- 

(2) Mi = M2nvic. 

3. Equivariant cohomology of M]j 

3.1. Let C be a smooth projective curve with genus g and tt : X ^ C a ruled surface. Let Co be 
a minimal section of tt with (Cq) = — e. We assume that e > x = 2(7 — 2. In this section, we shall 
define a cohomology of M]j and consider the effect of change of polarizations. For a scheme S, we 
denote the projection 5* x X — * S* by ps- Let D = nH, n ^ be an ample divisor such that for 
an element F G Mjj, E{D) is generated by global sections and H^{X, E{D)) = j > 0. Let Q'^ he 
an open subscheme of Quot(^^^_D-^eN /x/c such that for a quotient Ox{—D)®'^ ^ E, E belongs to 
M]j, H^{X,Of^) ^ H^{X,E{D)) and H\X,E{D)) = 0,j > 0. Since {Kx,H) < 0, is smooth. 
Let i/^i(^)(Q^,Q) := H*{Q^ Xgl(7V) E{GL{N)),Q) he the equivariant cohomology of Q^, where 
E{GL{N)) is the universal GL(A^)-bundle over the classifying space. 

Lemma 3.1. Hq^j^^^Q'^ ,Q) does not depend on the choice of Q'^ . We denote this cohomology by 
H*{M]j, Q) and the Poincare polynomial Y.i dim^*(M^, Q)^* by P{M]j, z). 

Proof. Let {i = 1,2) be an open subscheme of QuotQ^f^_]~,^^s,Ni/x/c which satisfies the above con- 
ditions. Let qi : Oqi y^x{~Di)®^^ — >• Ui he the universal quotient on Q] x X. From the construction, 
PqiMi{D2) is a locally free sheaf on Ql. Let : V = V(7^om(Og^^pQ7,Wl(F)2))^) ^ be a 

vector bundle over Qi and hi : O^^"^ (.p*pQiJJi{D2) the universal homomorphism. Let Q he 
the open subscheme of V such that hi is an isomorphism. Then ^ is a principal (j'L(A^2)-bundle 
over Qi and there is a surjection Ogxx(— -02)®^^ Ui. For a ^-valued point of Q, there is a 
flat family of quotients Osxx{—Di)®^^ — >■ £ and an isomorphism (9^^^ = pg^,S{D2). It defines a 
surjection q : Osxx{—D2)®^^ S, and conversely for a surjection q, it defines an isomorphism 
^p^^g(^D2). Thus we obtain the following. 

. £^ is a flat family of coherent sheaves which belong to M]j, 

i?,.!) g{S) = {{8,qi,q2) ( T^\®N^ c- w r.- 

and qi : OsxX\—F>i) ' c is a surjective homomorphism. 
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where {S,qi,q2) ~ {S',q[,q2) if and only if there is an isomorphism : £ ^ £' with q[ = ip o q,i. 
Hence Q can be regarded as a GL(iVi)-bundle over Ql- For simphcity, we denote GL{Ni) by Gj. Q 
has a natural Gi x G'2-action and Q XgixG2 ^Gi ^ Qjxc^ EGi. Therefore Q XgixG2 ^Gi x EG2 
QJ Xg, EGi is a £;G'2-bundle. Thus H^.^a^iQ, Q) = H^.iQj, Q). In the same way H*a^^a^{g, Q) ^ 
Ho^iQl: Q)- Hence H^^{QJ, Q) ^ H*q^{QI, Q), which imphes that ^*(M^, Q) is well defined. □ 

3.2. Let C be a chamber and W a wall with C CiW 7^ 0. Let H be an ample divisor on W and 
if' e C an ample divisor which is sufficiently close to H. For a sequence of 7^ = (n, //j, Aj), 1 < i < s 
with {/li — //j+i, H) — and (//j — /^i+i, if') > 0, we set 

E is not //-semi-stable with respect to H' and for the Harder- 1 
Narasimhan filtration F : C Fi C • • • C = ^{Fi/Fi_i) = 7^. J ' 

Let Q"'^''"''^" be the subschcmc of such that for a quotient E, E belongs to 

Vff^(^"''^% and Tfffi the set of sequence (71, • • • ,75). By [D-L, 1], Q^'^''"'^'^ is a smooth locally closed 
subscheme of Q'^. For the same D, let Q'^^ be an open subscheme of QuotQ^(^_jj^oNi^x/c ^ quotient 
Ox{-D)®^' E is contained in Q'^' if and only if E belongs to M]}. In the same way as in [Y2, 
Appendix] (cf. [A-B],[K]), we obtain the following theorem. 

Theorem 3.2. (1) 

H*GL^^){Q^^'-'^%Q) ^ ®iiiSi(^r,)(Q'^%Q) 

(2) d^,,..,^^ := codimg^i'-'T^ = - Ei<,- nr,(P(//,- - - A, - A,). 
(3) 

P{Ml, z) = P{Ml z)+ ^''^^'-"^ fl Hm'c%z). 

Proof. The proof is the same as that in [Y2, Appendix], so we shall give a sketch of the proof. 
Let Qi : Oqiixxi—D)®^' — > J^i be the universal quotient. We set Z — 111= 1 Q'''' and denote the 
i-th projection by uji. Then the quotient ©j^j : ®f=i'UJ*OQ-tiy;x{—D)®^^ — ®f=i'UJ*J^i defines 
a morphism Z — > Q'^, which is an immersion. We set Yi = Z. We shall define a sequence of 
schemes Yg ^ ■ ■ ■ ^ Y2 ^ Yi and quotients (B]=iOyjxx{—D)®^^ ^i,2,---,i 1 < i < s as follows. 
Let ip2 '■ Y2 ^ Yi be the vector bundle defined by a locally free sheaf Hom^^^ (-a72(ker ^2), t^i^i)- 
There is a family of quotients qi^2 '■ ©i=iC'y2xx(— -D)®^' ^1,2, which induces qi and q2. For 
i/ji -.Yi ^ Yi^i and ©}=iCk,.xx(--D)®^-* ^1,2,- ,i, Hompy,(ker5j+i,.Fi,2,...,i) is a locally free sheaf 
on Yi. Let g^+i : Yi^i — > 1^ be the associated vector bundle on Yi. Then there is a quotient 
©*i\Cy^ xx(— -D)®^^ — > 2,...,i+i. Let Fyj^...^^^ be the parabohc subgroup of GL{N) which pre- 
serves tiie filtration C Oz'xx{-D)®^^ C ©tiCzxx(-^)®^^ C ■■■ C ®t=i<^zxx{-D)®^\ Then 
g7i,-,7. ^ GL(Ar) Xp^^ ... 1;. The assertions follow from this (cf. [A-B, 7]). □ 

Corollary 3.3. Let C be another chamber with C nW ^ 0. Then 



(3.2) v;iy'^^^lE 
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Remark 3.1. In the same way, we denote the set of /i-semi-stable sheaves defined over by MJ(F^). 
By using [D-R], we see that 
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* 1 1 

(71,- ,7.)er«.c 1 i=i EeM-H^,) * ^"^^^-^^ ^=1 E6MJ;(F,) # ^"*(^) J 

By using the Weil conjectures [De] and results of Kirwan [K], we can also obtain this corollary (cf. 
[Y2, Proposition 4.3]). By using (3.3), [Y2, Theorem 0.1] and analoguous argument to the proof of 
[Yl, Proposition 0.3], in principle, we can compute the Betti numbers of the moduh spaces of stable 
sheaves of rank 3 on (in case of ci = 0, see [Y2, 4]). For example, we obtain the following. 

PiMHi3;l,2),z) = l + z^ + z\ 

P{Mh{S; 1, 3), z) = l + 2z^ + 5z^ + 8/ + 10/ + 8^° + 5^^^ + 2z^^ + 
P{Mh{3; 1, 4), ^) = 1 + ^ 6^ + 12^ + 24/ + 38^^° + 5Az^^ + 59z^^ 

+ 54/6 ^ 3g^l8 ^ 24/0 ^ ^2Z^2 ^ g^24 ^ 2/6 + 



Remark 3.2. Let X be a K3 or an Abelian surface and assume that Bogomolov-Gieseker inequality 
holds. Then (3.3) also holds. By using induction on r, we see that ^ „ . /p', does not depend 

onC (cf. [Go]). 



4. The existence of stable sheaves. 

4.1. In this section, we assume that X is not rational, that is, > 1 and assume that e > — x = 
2g — 2. We denote Co + xf by Hx- Let Wx be a wall containing and let C+ (resp. C~) a chamber 
containing + ef (resp. — ef) with < e <S 1. For (71, • • • , 7s) G F^^ q-, we shall prove that 
c^iir -.Ts ^ 2. Since (/Xj — /Xj)^ < and Aj > 0, it is enough to prove that rirj{fij — /li, Kx/2) > 1 for 
i < j. We denote rirj{nj—Hi) by aCo — bf, and then a and b are positive integer. A simple calculation 
shows that riVj^iij — /li, Kx/2) = b + {g — 1 + e/2)a > 3/2. Therefore d^-^^^...^^^ > 2. In particular, if 
Mj+ is not empty, then M7_ is not empty. From this we obtain the following proposition. 

Proposition 4.1. For a triplet 7 = (r, yU, A) with < (yU, /) < 1, there exists a ^-semi-stable sheaf 
E of ■j{E) = 7 with respect to if and only if x < ^-\- ;;^A. 

Proof. Assume that M]j^ is not emty. Since {Kx -\- f,H) < 0, the deformation theory implies that 
there is a //-semi-stable sheaf E and an exact sequence 

(4.1) ^ Fi(Co) ^E^F2^0, 

where Fi and F2 are torsion free sheaves with (/^.(Fi),/) = (/x(F2),/) = 0. We denote rk(Fj), /^.(Fj) 
and A(Fj) by n,//, and Aj respectively. (//(Fi(Co)) - ii{F2),H) = {ni - //2 + Co,Co + xf) = 
(/ii - fi2.Co) -e + x < 0. Thus x<-{^ii- /ia, Co) + e. On the other hand, A{E) = ^A(Fi(Co)) + 
^A2 - ^((;tx(Fi(Co)) - /x(F2))2) > -^(-e + 2(/ii - /i2, Co)). Thus A(F) > ^(x - e/2), and 

hence a; < | + ;q7^A. We shall next prove that the above condition is sufficient. Let £" be a vector 
bundle defined by the following exact sequence. 

^ Fi(Co) ^ F ^ F2 ^ 0, 
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where Fi (resp. F2) is the pull-back of a semi-stable vector bundle of rank ri (resp. on C 

2 

with degree di = rid + .^^ e — C2 (resp. d — d\). Then E is /x- semi- stable with respect to H' = 
C'o + (| + ':;^^{E))f. For general if^;, the claim follows immediately. □ 

Corollary 4.2. If H is not on a wall, then there is a fi-stable sheaf. Moreover, codim(M//(r; ci, C2)\ 
Mnir^CuC^Y) > 2. 

Proof. We may assume that r > 4. Let F : C -Fi C -F2 C ■ ■ ■ C -F^ = be a Jordan-Holder 
filtration of a /i-semi-stable sheaf -E. We set Ei = Fi/Fi^i. Then —x{Ei,Ej) = Tk{Ei) Tk{Ej){g 



1 + A{Ei) + A{Ej)). By Proposition |]T], we see that Tk{Ei)A{E,) > e/4. Hence -x(Fi,Fj) > 



(rk(£'j) -t- rk(£'j))e/4 > e > 1. The claim follows from this, (cf. [D-L] and [Y3, Proposition 2.3]). □ 

Corollary 4.3. If H is not on a wall, then MH{r,Ci,C2) is locally factorial. 
Proof. This follows from the above corollary and [D2]. □ 

Remark 4.1. For (71, ■ ■ ■ ,7s) € Tj^^^-, d^^^...^^^ > 3. To prove this assertion, we may assume that 
s = 2. In the same way, we denote rir2(/i2 — /ii) by aCo — bf. Since rir2(/X2 — /^i,-f^x/2) = 
b + {{g — 1) + e/2)a, the assertion holds unless a = b = 1. Assume that a = b = 1, and then (/ii, /) 
or (/i2, /) is not an integer. Hence we may assume that {fii, /) is not an integer. By Proposition [4.1| , 
^^1^1 > — |). Since x = b/a + e = e + l, riAi > 1/2. Therefore, we get (i^i,72 > 3. 

5. The Picard group of MH(r;ci,C2) 

5.1. In this section, we shall compute the Picard group of M//^(r; ci, C2) under the assumption that 
does not lie on a wall. By Corollary and Pic{M H^r; Ci, C2)) = Pic{MH^{r; Ci, 02)^^). By 
using [Yl, Theorem 0.4], we see that codim(Mj|^^(r; Ci, 02)^ \ Mu^ij-; Ci, 02)9) > r — 1, and hence we 
shall compute Pic{MH^{r; Ci, 02)0). For a /i-stable vector bundle E G Mn^^r; Ci, 02)0, is /z-stable. 
Hence Pic{MH^{r; ci, 02)0) = Pic^Mu^ir] — Ci, 02)0). Therefore we may assume that < (r, /) < r/2. 

2 

For ci = riCo + c?/, we set r2 = r — ri,(ii = rid + -^x^^ ~ ^^"^ d2 = d — di. We shall 
first define a morphism M(r;ci,C2) —>■ x J^^ q Iqq open subscheme of quot-scheme 

Quoty/x/c such that MH^{r;ci,C2) = Q/PGL{N) and V CqxX — * ^ the universal quotients. 
C = det((l Q X 7r)!W(— Co)) is a line bundle on Q x C. It defines a morphism Aq : Q ^ J'^^. It is 
easy to see that Ag is PGL(A^)-invariant. Thus we get a morphism A : M(r; ci, C2) ^ J'^^ The line 
bundle detW © C(— tiCq) ® £^ defines a morphism u : M(r; Ci, C2) ^ J'^^. Therefore we obtain the 
required morphism A x z/ : M(r; Ci, C2) — > J"'^ x J"'^. 

For simplicity, we denote M//(r; ci, 02)9 by Mq^. We set 

M° = G and F;|,-i(p) = 0,-i(p)(1)®^'^ © C'®'?(P) for all P G C}. 

Assume that ri 7^ 1. Since e > x, we get {Kx + f^H^) < 0. Then, by the deformation theory, we 
see that codim(Mo' \ M°) > 2. Next we assume that ri = 1. For a fibre /, we set 

Zi = {E\E G Mo^, El = Oi{l)®^ © Oi{-l) © 

Then we see that codimZ; = 2 unless Zi = 0. We set Z = Upgc^7r-i(P)- Z is a locally closed 
subscheme of Mq. For a point of Z, there is an exact sequence — *■ L{Co) ^ E ^ F , where 
L is a line bundle with ci(L) = [di + 1)/ and F is a torsion free sheaf with ci{F) = (^2 — 1)/ and 
C2(F) = 1. We set xq = f + and xi = f + ^(A - i). If a;i < x < xq, then {H,, fi{L{Co))) > 

{Hj., ij,{E)), which is a contradiction. Thus Z = 0. Assume that x < Xi. Then for some L and F 
such that F is semi-stable, there is an exact sequence 

(5.1) L{Co) ^E^F ^0 
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such that E is semi-stable (see the proof of Proposition [4.1D . Thus Z is not empty. Therefore, to 
compute the Picard group of Mn^^r; Ci, C2), it is enough to consider Pic{M^ U fl Mq )), where Z° 
is the subscheme of Mnir] Ci, C2) consisting of stable sheaves which are defined by the exact sequence 

(5.1) . 

5.2. We set Vi = Ox{—nHx)®^\ {i = 1,2). Let Quot^^j-^i^ ( resp. Quot^^^j-^i^) be a quot-scheme 

parametrizing all quotients Vi Fi (resp. V2 — -F2) such that 7(-Fi) = (ri,Co + 7^/, 0) (resp. 

7(^2) = (r2, 0)). Let Qi {i = 1, 2) be the open subscheme of Quoty_^-^^^ consisting all quotients 
Vi Fi which satisfy 

(i) Fi is /i-semi-stable with respect to H^^, 

(ii) is a semi-stable vector bundle, where r] is the generic point of C, 

(iii) H%X,V{nH,)) ^ H'{X,Fi{nH,)), W{X,Fi{nH,)) = 0,j > 0. 

Let Vi ® Oq.xx — ^ be the universal quotient, and /Cj the universal subsheaf. If we choose a 
sufficiently large integer n and a suitable A^i, then all /x-semi-stable sheaves which satisfy (ii) are 
parametrized by Qi. We set J-'[ = JF(— Co) and J^2 = ^2- Let Qi : Gi = Gr{pQ-^{J^l),ri — 1) ^ Qi 
be the grassmannian bundle over Qi parametrizing rank — 1 subbundle of PQi*{^i) and Ui the 
universal subbundle of rank — 1. Since PQi*{J^i) is PGL(A^j)-linearized, Gj is PGL(A^j)-linearized. 
Let G'i = {xe Gi\U^ ® Ox is a subbundle of (J^/) J. Let hi : Di = ¥{nom{0%r^\uy) ^ be a 

i 

projective bundle and (9/)^(l) the tautological line bundle on Di. On Dj, there is a homomorphism 

is an isomorphism} be an open set of Di. 
Setting jFj' = [gi o hi x IxYJ-'i and U = p}),h*U, there is an injective homomorphism on D'^ x X: 

i 

^Sxx^^ ^li^P*D'^D'il) ^ ^i^PD,OD'{l)- The quotient ^' (g)p|,, 0^/(1) /O®!;;"^^ is a flat family 
of line bundles of degree di. Thus we obtain an extension 

(5.2) ^ 0®f;-') ^ ® p^,0^^(l) -> det(^' ® p1,,Oz.^(1)) -> 0. 

We set Q = Qi X Q2, D = D[ X D'^ and / = PGL{Ni) x PGL{N2). Then, in the same way as in 
[D-N, 7.3.4], we obtain the following exact sequence: 

(5.3) Pic\Qi X Q2) Pic\Di x D2) ^ T ^ 0, 

where T is a flnite abelian group with #T = ('-2-1)^2 ^ 

<=> ^ II m 712 

Let Vi be a poincare line bundle of degree di on J'^^ x X. Let Vi := Ext^ ^ (^«) ^ji^^xx^) 
the relative extension sheaf on J'^\ The base change theorem implies that Vj is locally free. Let 
/ij : Pj = P(V/) — >■ J'^' be the projection and Cpi(l) the tautological line bundle on Pj. 

On Fi, there is a universal family of extensions: 

(5.4) ^ Og^^) ^ ^ ® a.(-l) - 0. 

We set P^* = G Pi|(£^i)j^ is semi-stable}. The extension (5.2) gives a morphism k' : D[ ^ P*** such 
that the pull-back of (5.4) is (5.2). Since k' is PGL(A^i)-invariant and each flbre of k' is an orbit of 
PGL{Ni), [M-F-K, Proposition 0.2] implies that Pf is a geometric quotient of D'^ by PGL{Ni). By 
[Y3, 4.2], k' has a local section. Since the action of PGL{Ni) is set-theoretically free, Z.M.T. implies 
that D'i is a Zariski locally trivial flbre bundle. In particular, Pic\D) = Pic(Pf x P^") ([SGA I, 8]). 

The base change theorem implies that V = Ext^ (jF2,jFi) is a locally free sheaf on Q. Let Fn = 
P(V^) ^ Q he the projective bundle associated to V"^ and (^^^(1) the tautological line bundle. On 
P(V^), there is a universal extension 

(5.5) 0^ J-i^^^ J-2®Cpq(-1)^0. 
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/ acts on P(V^) and £ is a GL[Ni) x PGL(A'"2)-linearized. Let Pg be the open subscheme of 
P(V^) parametrizing stable sheaves. Then there is a surjective morphism A : Pq — >■ M^. It is easy 
to see that A is /-invariant and each fibre is an orbit of this action. Thus M° is a geometric quotient 
of Pq by /. Let S — » be a smooth and surjective morphism such that there is a universal 
family S. Then there is an exact sequence ^i(Co) ^£^^^2^0, where Qi = 7r*7r*£^(— Co) 
and Q2 = £/Gi{Cq). There is an open covering {f/j} of S such that pUi*Gi and pUi*G2 are free 
Ofj.-module. Then it defines a morphism Ui —>■ Q and hence we get Ui — *• Pq. Therefore we get 
a local section of Pq Xmo S S. Since S — > M° is a smooth morphism, Pg x S is smooth. 
By using Z.M.T., we see that Pg Xj^^o S —>■ Q is a Zariski locally trivial /-bundle. By the descent 
theory ([SGA I, 8]), P^ ^ M° is a /-bundle. We shall prove that codim(Pg \ P^) > 2. In the same 
way as in the proof of Theorem|3l^, we define Y2 = V(IIompQ(A^2, -^i)^)- Then, there is a quotient 
Oy2xx{-D)®^ It defines a closed immersion Y2 ^ Q. Let Y2 be the open subscheme 

of Y2 parametrizing all quotients which are stable with respect to H^. Corollary ^]2| implies that 
codim(F2 \ ^2^*) — 2. Note that each fibre of Y2 Y(ExtpQ{J^2, ^lY) is contained in an orbit of 



-f7i>72 5 where ^71,72 is the parabolic subgroup of GL{N) defined in the proof of Theorem p.2| . From 
this, we obtain that codim(Pg \ P^) > 2. 

On Di, there is a GL(A^j)-linearized line bundle such that the action of the center is multipli- 
cation by constants. In the same way, we obtain the following exact and commutative diagram: 







> Pic\Q) > Pic^i^h) ' — ^ ' 



(5.6) > Pic\D) > Pic^(P^) > Z > 



> T > T' > Z/^Z ^ 



where T' is a finite abelian group with = (''i~i)°'j^(^2^i)c^2 ^ 

5.3. Let K{X) be the Grothendieck group of X. Let K^{X) be the subgroup of K{X) which is 
generated by Ox-Ox{-D) and Oc-Oc{-D), D, D' e Pic%X). Then K%X) ^ Pic%X)®Alb{X). 
We shall represent the class in K{X) of Ox, Ox{—f), Ox{—Co) and Ox{—Co — f) by ei, 62, 63 and 
64 respectively. Then K{X) = K^{X) © L, where L is the free Z-module of rank 4 generated by 
Gi, 1 < i < 4:. Let e be the class in K{X) of a torsion free sheaf of rank r with Chern classes 
Ci,C2 and let K{r;ci,C2) be the kernel of a homomorphism K{X) — >■ Z : a; 1— > ® L^t S be 
a family of stable sheaves of rank r with Chern classes ci,C2 parametrized by a smooth scheme S. 
Then det(p5!(£^ ® x)), x G K{r; Ci, C2) defines a line bundle on 5*. Thus we obtain a homomorphism 
Ks : K{r;ci,C2) Pic{S). We can also define n : K{r;ci,C2) Pic{MH{r;ci,C2)), (see [Y3, 4.3]). 
K{r; ci, C2) = K%X) © /sT where /sT = K{r; Ci, C2) H L. 

Lemma 5.1. If ri ^ 1, then K{r;ci,C2) — * Pic{MH{r; Ci, C2)) / Pic{J'^^ x J'^'^) is surjective. 

Proof. We denote Pic^^d) / Pic{J'^^ x J'^^) by A^. Since Pic^D) / Pic{J'^^ x J"^^) ^ Pic(Pi x 
P2)/Pzc(J'^i X J'^^) ^ Z®^ we get = Z®^. We shall prove that #(A^/ im^Kp^)) = #T'. We denote 
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the image of (9p-^(l), Op^^l) and Cp^(l) to N by ui, 1/2 and u respectively. Let 9 : Pic^Fd) 
the quotient homomorphism. We shall define (1 < i < 4) as follows: 



Nhe 



(5.7) 



Let 



A2 
A3 
A, 

i> ■ L 



9idetpp^,£) = -((2x + 2di - e)u, + (x + d2)u2 + (raX + 4)^^), 
^(detpp^!^(-/)) = -((2x + 2di - 2 - e)z/i + (x + ^2 - 1)^^2 + (raX + ^^2 - ra)//), 
6'(detpp^!£:(-Co)) = -(x + 
^(detpp^!^(-Co - /)) = -(x + di- l)z/i. 

— i> be a homomorphism such that 0(ej) = Ai. Then a simple calculation shows that 



(j){K) = im(Kp^). 

There is the following exact and commutative diagram 







ker ( 



(5.8) 



K 



K 



ker I 



nL 









It is easy to see that ker is generated by (x + c^i ~ 1)^3 — (x + ^1)64 and N/ 4>{L) = Z/ (r2 — 1)^2^. 
Hence V(ker0) = (ri - l)diZ. Therefore i^N/K = i^{N / <p{L))i^{<p{L) / K) = (n-i)rfi(r2-i)rf2 ^ 
hence ^N/K = jj^-T' . Thus, we obtain our lemma. □ 

Pzc(M(r; ci, C2)) to K^{X) is injective and its 



Lemma 5.2. The restriction of k : K{r; ci, C2) 
image is (A x det)* (Pzc°(J'^i x J'^^)). 

Proof. If D = J2iain*{Ri),ai G Z, then we see that kp^{Ox{D) - Ox) = ®i{Vfl 
Kp^{Oco{D) — Oco) = ®i^iRl- The assertion follows immediately from this. □ 

We shall first consider the case oi g >2. 

Theorem 5.3. Assume that g > 2 and does not lie on a wall. 

(1) Ifri^l, then Pic{M hA^] 01,02)) = Pic{J'^^ x J"^'')®!.®^. 

(2) //ri = 1, then 



V: 



2Ri/ 



and 



{PiciJ'^^ X 



a;i < X < xo 
X 7*^2) ©Z®^ X < xi. 

(3) Pic{M H^{r] ci, C2)) / Pic{J'^^ x J'^^) is generated by the image of k. 



> 2, 



1,2) 



Proof. In the same way as in the proof of [Y3, Lemma 4.2], we see that codim(P| 
for a sufficiently large d. Then (1) follows immediately from Lemma |5.1| and Lemma |5.2| . We 
shall treat the case ri = L In the same way, we can define Qi,Q2,Di and D2, where Di = 
Qi. Moreover we can define a projective bundle F^, where D = Di x D2. Then it is easy to 



see that Pic^Fo) / Pici-J'^' x J^^) ^ Z®^ and i^iPic^Fo) / Pic^Fg^y^Q^)) = We denote 

Pic^ (Fd) / Pic^ (Fq^y^Q^) by A^. In the same way as in Lemma ^A\ , we denote the image of O^^^l) 
and Op^{l) to N by z/2 and u respectively. Let : L — > be the homomorphism such that 
0(ei) = -((x + d2)i^2 + (r2X + '^2)'^), 0(62) = -((x + - l)z^2 + (r2X + c^2 - ^2)1^), ^(ea) = 0(64) = 0. 
Then (j){K) = im(Kp^). There is the following exact and commutative diagram: 





> K n ker > ker > -0 (ker 0) ^ 



(5.9) ^ K ^ L Z ^ 

> (j){K) > 0(L) > (t){L)/K > 





Since ker0 = Ze3©Ze4, we get Z/'0(ker0) = 0, and hence (f){K) = 4>{L). A simple calculation shows 
that i^N/(j){L) = therefore K Pic{M^)/Pic{J'^' x J'^^) is surjective. From this we get 

Pic{M^-^ (r; ci, C2)) = Pic{J'^^ x J'^^^ Z®^, and hence we obtain the assertion for xi < x < xq. We 
shall next prove the claim for x < xi. It is sufficient to compute Pic{M^- (r; ci, C2)). 

We set Vi = Ox{—nHxJ®^\ {i = 3,4). Let Quoty^^-^^^ ( resp. QuotJ^^^-^^^) be a quot-scheme 
parametrizing all quotients V3 ^ F3 (resp. V4 — F4) such that 7(^3) = (ri,Co + ^^p/, 0) (resp. 

7(^4) = (r2, ^7^/, 7^))- Let (i = 3,4) be the open subscheme of Quoty^^^^^ consisting quotients 
Vi — > Fi which satisfy 

(i) Fi is /i-semi-stable with respect to H^, 

(ii) is a semi-stable vector bundle, 

(iii) H%X,V,{nH,,)) - H%X,F,{nH,,)), W{X, Fi{nH,,)) = 0,j > 0. 

Let Vi ® Oq^xx be the universal quotient, and Ki the universal subsheaf. If we choose 

a sufficiently large integer n and a suitable A^j, then all /x-semi-stable sheaves which satisfy (ii) are 
parametrized by Qi. We set R = Q^x Qa- The base change theorem implies that W = Extp^(JF4, JF3) 
is a locally free sheaf on R. Let P/j = P(>V^) ^ i? be the projective bundle associated to and 
Of^{l) the tautological line bundle. On P(>V^), there is a universal extension 



(5.10) 0^J^3^^^^4®Op^(-l)^0. 

PGL{N^) X PGL{Ni) acts on F{W^) and ^ is a GL^N^) x PG'L(A/'4)-linearized. Let F% be the open 
subscheme of PCW"^) parametrizing stable sheaves. Then there is a surjective morphism A : P|j 
Z° C M(r;ci,C2). It is easy to see that A is PGL{N^) x PGL(A^4)-invariant and each fibre is an 
orbit of this action. In the notation of 5.1, we denote the pull-back of to Q by . [D-L, 1] 
implies that is smooth. Hence is a geometric quotient of P|j by PGL{N^) x PGL{Na)- On 
there is an exact sequence Qi{Cq) U\zoxx ^^2^0, where Qi is a flat family of line 
bundles with Ci = {di + l)f and Q2 a flat family of torsion free sheaves of rank r — 1 with Chern 
classes ((^2 — 1)/, 1). Then the normal bundle Ozo{Z'^) is isomorphic to Extp^^^ (^i(Co), ^2)- It is 
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easy to see that the pull-back of Extp^^^ (^i(Co), Q2) to Z'^ x^o is isomorphic to the pull-back of 

Extjp, (JS,^4 ® C»p^(-1)) to xzo Pfj. Since Pic{F%) Pic{Z^ x^o P|j) is injective, the pull- 

back of Ozo{Z'^) to is isomorphic to Ext^^^ (JF3, JF4 (g) Op^(— 1)). By virtue of Remark |0| , we get 

codim(PR\P|j) > 2. Let A'xdet : M(r2; (^2-1)/, 1) Cx J^^^-i be the morphism defined in [Y3]. Let 
jrfi+i xC-x ^ jdi X jrf2 be the morphism sending (L, P, L') to {L®Oc{-P), L'®Oc{P))- Then 
the composition Z° M(ri; + 0) x M(r2; ((^2-1)/,!) ^ 7'^^+^ x C x J-^^-i ^ J-^i x J'^^ jg the 
same as the restriction of A x z/ to It is easy to see that Piker = Z((x + c/i — 1)63 — (x + c?i)e4), 
and hence L := + rfi — 1)63 — (x + ^1)64)) can be written as 0{nZ^) ® C, where C is the 
pull-back of a line bundle on J'^^ x J'^^ '\Ye shall prove that n = —1. Since det(£^(— Co)) = 
det(J^3(Co))®det(J^4®Cp^(-l)), the restriction of det(£(-Co)) to a fibre ofFn^ R is C»(l). From 
this, we see that n = —1. (3) follows from the proof of (1) and (2). □ 

5.4. We shall treat the case of g = 1. We assume that (ri, di) 7^ 1 and (r2, ^2) = 1, and then there is 
an integers and (ij such that r2c/2 — r2(i2 = 1 and < < r2. We set r2 = r2 — r2 and = (^2 — (ij. 
Let be the subset of M° whose element E has the following filtration F : G Fi G F2 G = E 
such that 

(i) rk(Fi) = n, ci(Fi(-Co)) = dj and C2(Fi(-Co)) = 0, 

(ii) rk(F2/Fi) = r^, 01(^2/^1) = d'J and 02(^2/^^1) = 0, 

(iii) rk(F3/F2) = r^', 01(^3/^2) = d'^f and 02(^3/^^2) = 0. 

If — ( % — - ) <x< — — -, then for a general element E of VT, the Harder- Narasimhan filtration 

is F' : G F2 G F3 = E. Let Q2 be an open subscheme of Quotv2/x/c whose point y satisfies that J-'y 
is semi-stable or the Harder- Narasimhan filtration of J-'y is G Gi G J-'y, where Gi is a semi-stable 
vector bundle of rank and degree d'2. We shall replace Q2 by Q2, and construct Fd and Pfj. Let 
W be the open subscheme of \ Pf^ whose point defines an element of W. Then, there is an exact 
sequence ZW Pic^iFr,) — >■ Pid{F]-)) 0. In the same way, we see that 0^{W) is a primitive 

element of PiciW). Note that Pic (P^) is isomorphic to Pic(M/^^, (r, ci, C2)), x' < ;^(^ — 7). 

Therefore Pic^(P^) = Pic{J'^^ x J'^-')®'L®^ /IM = Pic{J'^' x J"'^) ©Z®^. In the same way, we obtain 
the following theorem 

Theorem 5.4. If g = I, then Pic(MH{r] ci, C2)) = Pic{J'^' x J'^^) © Z®", a = 1, 2 or 3. 
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